Abstract. In this paper, we study the minimal free resolution of lex-ideals over a Koszul toric ring. In particular, we study in which toric ring R all lexideals are componentwise linear. We give a certain necessity and sufficiency condition for this property, and show that lex-ideals in a strongly Koszul toric ring are componentwise linear. In addition, it is shown that, in the toric ring arising from the Segre product P 1 × · · · × P 1 , every Hilbert function of a graded ideal is attained by a lex-ideal and that lex-ideals have the greatest graded Betti numbers among all ideals having the same Hilbert function.
Introduction
Lex-ideals, introduced by Macaulay [Ma] , have played an important role in the study of Hilbert functions of homogeneous ideals in a polynomial ring. Recently, it has been of interest to study lex-ideals in a quotient ring R = S/I, where S = Q[x 1 , . . . , x n ] is a polynomial ring and where I is either a monomial or a projective toric ideal (see, e.g., [GHP, GMP, MP, MM, MuP] ). We call R = S/I a projective toric ring if I is a projective toric ideal. In this paper, we study the minimal free resolution of lex-ideals over a Koszul projective toric ring.
Lex-ideals over a projective toric ring were introduced by Gasharov, Horwitz and Peeva [GHP] (see section 2 for the definition). They proposed a series of open problems on lex-ideals over a projective toric ring. One of the fundamental problems is the following problem, which was originally suggested by Mermin and Peeva [MP] . Problem 1.1 (Mermin-Peeva) . Find a class of either monomial or projective toric ideals I such that every Hilbert function of a graded ideal in R = S/I is attained by a lex-ideal. Moreover, prove that lex-ideals have the greatest graded Betti numbers over R among all graded ideals in R having the same Hilbert function.
The above problem is motivated by Macaulay's Theorem [Ma] , which proved that for every homogeneous ideal J ⊂ S there exists a lex-ideal in S having the same Hilbert function as J, as well as the Bigatti-Hulett-Pardue Theorem [Bi, Hu, Pa] , The aim of the first part of this paper is to study in which toric ring R all lexideals are componentwise linear. In other words, in which toric ring R all lex-ideals generated by monomials of the same degree have a linear resolution. Such a toric ring must be Koszul (i.e., the minimal free resolution of the residue field over R is a linear resolution) since the maximal ideal in R is a lex-ideal. If all lex-ideals in R are componentwise linear, then the minimal free resolution of lex-ideals does not seem to be complicated. Indeed, we give a nice way to compute the graded Betti numbers of lex-ideals in R when all lex-ideals in R are componentwise linear (see Corollary 3.17).
It was observed in [MM, Remark 4.7] that if I is generated by monomials of degree 2, then all lex-ideals in R = S/I are componentwise linear (the result of Fröberg [Fr] guarantees that R is Koszul). While we cannot expect such a nice property for all Koszul toric rings, we give a certain necessity and sufficiency condition for projective toric rings R such that all lex-ideals in R are componentwise linear (Theorem 3.13) . In particular, we show that lex-ideals in a strongly Koszul toric ring are componentwise linear (Theorem 3.20) .
In the second part of this paper, we study Hilbert functions and graded Betti numbers of graded ideals in the following toric ring: Let r be a positive integer, U = {t 1,i 1 t 2,i 2 · · · t r,i r : i k ∈ {0, 1} for k = 1, 2, . . . , r} and S = Q[x m : m ∈ U ], where t i,j and x m with m ∈ U are indeterminates. Let I W be the kernel of the ring homomorphism Theorem 1.3 is false for P 1 × P 2 (see Example 4.21), and the proof of Theorem 1.3 is not easy. Our proof is based on the combinatorial result of Frankl, Füredi and Kalai [FFK] , which characterizes the face vectors of colored simplicial complexes.
Finally, we discuss a few results which are obtained from the componentwise linearity of lex-ideals. Let R = S/I, where I is either a monomial or a projective toric ideal. Suppose that R satisfies the following conditions:
(A) For every graded ideal J ⊂ R, there exists a lex-ideal L ⊂ R having the same Hilbert function as J.
(B) Every lex-ideal L ⊂ R has the greatest graded Betti numbers among all graded ideals in R having the same Hilbert function as L. (C) Every lex-ideal in R is componentwise linear. For example, polynomial rings, Veronese subrings of a polynomial ring and the toric ring R W considered in Theorem 1.3 satisfy the above conditions. First, we show that the graded Betti numbers of any graded ideal J ⊂ R are obtained from those of the lex-ideal L ⊂ R having the same Hilbert function as J by a sequence of consecutive cancellations (see section 5 for the definition of 'consecutive cancellations'). Second, we show that an analogue of Gotzmann's persistence theorem [Go] holds for R. Third, we show that the graded Betti numbers of a graded ideal J ⊂ R are equal to those of the lex-ideal L ⊂ R having the same Hilbert function as J if and only if J is a Gotzmann ideal, that is, the number of minimal generators of J is equal to that of L.
This paper is organized as follows: In section 2, we recall fundamental properties of toric rings and lex-ideals, and introduce the notion of initial ideals for ideals in a semigroup ring. In section 3, we study when all lex-ideals in a projective toric ring are componentwise linear. In section 4, by using the results proved in sections 2 and 3, we prove Theorem 1.3. In section 5, we discuss a relation between the componentwise linearity of lex-ideals and Gotzmann's persistence theorem.
Lex-ideals over toric rings
In this section, we recall fundamental properties about toric rings and lex-ideals. We first introduce the notation that will be used throughout the paper. Let S = K[x 1 , . . . , x n ] be a polynomial ring over a field K with each deg x i = 1, I ⊂ S a graded ideal and R = S/I. Let M be a finitely generated graded R-module. The Hilbert function H(M, −) : Z → Z of M is the numerical function defined by
For a graded ideal J ⊂ R and for an element m ∈ R, we write (J : m) = {f ∈ R : fm ∈ J}.
2.1. Lex-ideals in a toric ring. Let N be the set of nonnegative integers and A = {a 1 , a 2 , . . . , a n } a subset of N r \ {0}, where a i = (a i,1 , a i,2 , . . . , a i,r ) for i = 1, 2, . . . , n. The toric ideal I A ⊂ S associated to A is the kernel of the ring homomorphism 
A projective toric ring R A inherits the grading of S. We define the grading of a semigroup ring K[A] by deg(t
is also Z r -graded by considering the Z r -grading of T. In the rest of this paper, we assume that R A is always projective and
2 . Note that the latter condition says that a i = a j for all i = j. Now, we recall the definition of lex-ideals in a projective toric ring R A introduced by Gasharov, Horwitz and Peeva [GHP] .
Definition 2.1. Let > lex be the degree lexicographic order on S induced by the ordering
Define the total order > lex A on the set of monomials in
Sometimes, it is convenient to consider monomials in the quotient ring R A = S/I A instead of monomials in the semigroup ring
Thus m ∈ R A is a monomial if and only if it is an image of a monomial in S. An ideal in R A generated by monomials is called a monomial ideal. For monomials μ, μ ∈ R A , we define top(μ) = top(ϕ A (μ)) and write
A set of monomials L ⊂ R A is said to be a lex-segment if, for all monomials m ∈ L and m ∈ R A with deg m = deg m and m > lexA m, one has m ∈ L. A lex-ideal M ⊂ R A is a monomial ideal such that the set of all monomials in M is a lex-segment.
We recall a few easy properties of lex-ideals. Theorem 3.4] 
Lemma 2.2
). If L ⊂ R A is a lex- segment set of monomials of degree d, then {x i m ∈ R A : m ∈ L, i = 1, 2, . . . ,. If 1 ≤ i < j ≤ n and x i , x j ∈ (L : m), then mx i > lexA mx j .
Proof. It is enough to show that top(mx
2.2. Initial ideals and changes of coordinates. Initial ideals and changes of coordinates have played an important role in the study of Problem 1.1 when I is a monomial ideal. Those methods were also used in [GMP] to study Problem 1.1 for Veronese toric rings. The aim of this subsection is to introduce initial ideals in a semigroup ring and to study their fundamental properties.
Recall that for a vector w = (w 1 , . . . , w r ) ∈ R r , the weight order w on T = K[t 1 , . . . , t r ] is a partial order on the set of monomials in T defined by
For convenience, we write w(t
be either a monomial order on T or a weight order on T . For any polynomial f ∈ T , we write in (f ) for the initial form of f with respect to . The initial ideal in (J) of a graded ideal J ⊂ K[A] with respect to is the K-vector space spanned by the initial forms of all polynomials in J.
The following fact can be proved in the same way as polynomial rings (cf. [E, Section 15.8] 
The next claim shows that taking initial ideals over a semigroup ring K [A] corresponds to taking initial ideals over S with respect to a certain weight order. [GHP, Lemma 2.3] ). Thus it is enough to prove that in w (π
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By applying [GHP, Proposition 2.6 ] to Proposition 2.7, we get the following result.
The above result was proved in [GMP] in the special case when K[A] is a Veronese subring of a polynomial ring. Also, Gasharov, Horwitz and Peeva [GHP, Theorem 2.5] proved a similar result which is applicable to any projective toric rings. However, Corollary 2.8 seems more convenient since it allows us to use any monomial order on T .
Finally, we consider changes of coordinates. Let GL r (K) be the general linear groups with coefficients in K.
Suppose that the restriction of φ to K [A] is an automorphism of the graded K-
Then, we define the automorphismφ of
Clearly one has 
Componentwise linearity of lex-ideals
Let S = K[x 1 , . . . , x n ] be a polynomial ring, I ⊂ S a homogeneous ideal and where (f 1 , . . . , f j ) = 0 if j = 0. Then, for j = 1, 2, . . . , δ, we have the short exact sequence
If a free R-resolution of R/(J j−1 : f j ) and that of R/J j−1 are known, one obtains a free R-resolution of R/J j by taking the mapping cone. In particular, if minimal free R-resolutions of all the R/(J j−1 : f j ) are known, we obtain a free R-resolution of J by iterated mapping cones. While such a resolution is not always minimal, it is known that this construction gives the minimal free resolution of several important classes of graded ideals, such as stable ideals and lex-plus-powers ideals [CE, MPS] . The aim of this section is to apply this construction to obtain the minimal free resolution of lex-ideals over a Koszul toric ring.
Throughout this section, we assume that R is Koszul, that is,
3.1. Ideals with linear quotients. We say that a graded ideal J ⊂ R has a klinear resolution if β The above definition is a natural generalization of the notion 'ideals with linear quotients' introduced by Herzog and Takayama [HT] . They considered the case when J is a monomial ideal in a polynomial ring. We are using 'strong linear quotients' since the name 'linear quotients' is usually used when the colon ideals appearing in (b) are generated by variables. Also, the name 'shelling' is used since if J is a squarefree monomial ideal in a polynomial ring, then it corresponds to a shelling of simplicial complexes via Alexander duality. Indeed, the next lemma comes from the Rearrangement Lemma for (nonpure) shellable simplicial complexes [BW] in Combinatorics.
Lemma 3.2. Let J ⊂ R be a graded ideal having strong linear quotients and
Proof. We first show that the left-hand side of (2) contains the right-hand side.
is generated by elements of degree 1. Thus, it is enough to show that, for any linear form y ∈ R 1 with yf
where each f j ∈ {f 1 , . . . , f i k −1 } and where each μ ∈ R \ {0}. Then deg μ > 0 for all since J is minimally generated by f 1 , . . . , f δ . Thus deg f j ≤ deg f i k and j < i k for all . Then by the assumption of the rearrangement,
Similarly, we have
Since we already proved that (
, the above equations guarantee the desired equation (2).
Lemma 3.2 says that if a graded ideal J ⊂ R has strong linear quotients, then there exists a shelling f 1 , . . . , f δ of J satisfying deg f 1 ≤ · · · ≤ deg f δ . This fact and the following simple observation yield a simple formula of the graded Betti numbers of ideals having strong linear quotients.
Proof. Consider the short exact sequence
Let G be the graded minimal free R-resolution of R/(J : f )(− deg f ) and let F be that of R/J. Consider the mapping cone M(α) of the complex homomorphism [E, p. 654] ). Thus what we must prove is that the free resolution M(α) is minimal. By the construction of mapping cones, it is enough to prove that each α i : 
Proof. We use induction on δ. If δ = 1, then the statement is obvious since the first syzygy module of J = (f 1 ) is (0 : f 1 ) and since (0 : f 1 ) has a 1-linear resolution by the assumption. Suppose δ > 1. By Lemma 3.2, we may assume deg
. Clearly J has linear quotients. Then, by the induction hypothesis, the graded Betti numbers of J are given by the desired formula. In particular, reg
Since (J : f δ ) has a 1-linear resolution, the desired formula follows from the induction hypothesis.
Remark 3.5. If a graded ideal J ⊂ R has a 1-linear resolution, then the Betti numbers of J only depend on Hilbert functions. Indeed, it is known that the Hilbert series k≥0 H(R/J, k)T k of R/J and that of R determine the Poincaré
It is known that any homogeneous ideal J ⊂ S having linear quotients is componentwise linear [BW, JZ, SV] . We extend this result to any Koszul graded K-algebra R.
where H i (−) denotes the ith homology. Since R is Koszul, the ith free module K i of K is a free module of the form
(In the above equation, K p is the pth free module of K and (J ⊗ K p ) q is the graded component of degree q of the module J ⊗ K p .) Indeed, any element in (J ⊗ K p ) q can be written as the sum of elements of the form f ⊗ e such that f ∈ J is an element of degree q − p and e is a base element of K p . Then it follows that 
On the other hand, since k ≥ deg f δ and since reg R (J) = deg f δ by Theorem 3.4, it follows from Lemma 3.6 that β i,i+j (J k 
If a graded ideal J ⊂ R is componentwise linear, then the minimal free resolution of J has several nice properties. In this paper, we need the next formula.
Then Tor i+1 (J ≥j , K) i+j = 0 since J ≥j has no elements of degree ≤ j − 1. Also, since J ≥j−1 /J ≥j is isomorphic to the direct sum of copies of K and is generated in degree j − 1, it follows that
by Lemma 3.6, the above equation yields the desired formula.
Next, suppose that J is componentwise linear. It is enough to prove that
Since J ≥j /J j has no elements of degree ≤ j, one has Tor i (J ≥j /J j , K) i+k = 0 for all k ≤ j. Then, by considering the long exact sequence of Tor(−) arising from the above short exact sequence, we have Tor
Remark 3.9. It is known for specialists that if R is Koszul, then β R i,i+j (J) only depends on J j−1 and J j . Indeed, the proof of Lemma 3.8 says that for any graded ideal J ⊂ R one has
3.2. Toric rings in which all lex-ideals are componentwise linear. Let R A = S/I A be a projective toric ring defined in section 2. In this subsection, we study when all the lex-ideals in R A are componentwise linear. Such a toric ring must be Koszul since the maximal ideal of R A is a lex-ideal. Thus, in the rest of this section, we assume that R A is Koszul.
Let L ⊂ R A be a lex-ideal. We say that the ordering u 1 , . . . , u δ of the minimal monomial generators of L is natural if it satisfies the fact that deg u 1 ≤ · · · ≤ deg u δ and that deg u i = deg u j and u i > lex A u j imply i < j. The following fact immediately follows from Lemma 2.2.
To describe the main result, we need the following technical notation.
Definition 3.11. Let K(A) be the minimal set of monomial ideals in R A satisfying the following conditions:
The main result of this section is the following result.
Theorem 3.13. The following conditions are equivalent:
strong linear quotients, and the natural order of the minimal monomial generators of L is a shelling of L. (iii) Every lex-ideal in R A is componentwise linear.
In the rest of this subsection, we prove Theorem 3.13 in a series of lemmas. The next lemma proves (i) ⇒ (ii).
Proof. By Lemma 3.10, each (u 1 , . . . , u j ) is a lex-ideal. Thus it is enough to consider the case j = δ. We use double induction on δ and deg u δ . If δ = 1, then (0 :
Clearly J is a lex-ideal and u δ ∈ J. Since L is also a lex-ideal, the definition of a natural order shows that there exists an integer 1 ≤ t < δ such that {m ∈ L \ J : m is a monomial of degree d} = {u t+1 , . . . , u δ }.
Since J + (ν) is a lex-ideal and u δ ∈ J + (ν), it follows that
. , x i s } be the set of variables which are not in (J : ν), where
We claim that
Since u t+k = νx i k , it is clear that the left-hand side contains the right-hand side.
We show that the right-hand side contains the left-hand side. Let m ∈ (J + (u t+1 , . . . , u δ−1 ) : u δ ). Since R A is a Z r -graded ring such that each Z r -graded component is a 1-dimensional K-vector space spanned by a monomial, we may assume that m is a monomial, and therefore
as desired. Now we will complete the proof of Lemma 3.14. Since J + (ν) is a lex-ideal and deg ν = d − 1, the induction hypothesis guarantees (J : 
and
For k = 1, the ideal L 1 = (x 1 , . . . , x i 1 ) satisfies the desired condition. Suppose that there exists a lex-ideal L k = (u k,1 , . . . , u k,δ k ) satisfying the desired condition. Let V be the set of variables which are not in ((u k,1 , . .
Then L k+1 is a lex-ideal. Also, in the same way as the proof of equation (4), it follows that 
Since L is a lex-ideal, reg R A (L) = deg u δ by Lemma 3.16. Then the above equation
Hence J has a 1-linear resolution.
Theorems 3.4 and 3.13 give the following formula of the graded Betti numbers of lex-ideals.
Corollary 3.17. Suppose that every lex-ideal in R
3.3. Some applications and examples. In this subsection, we consider a few applications of Theorem 3.13. First, we show that if R A is strongly Koszul, then all lex-ideals in R A are componentwise linear. A toric ring R A is said to be strongly Koszul if for any sequence 1 ≤ i 1 < · · · < i t ≤ n and for all j = 1, 2, . . . , t the colon ideal ((x i 1 , . . . , x i j−1 ) : x i j ) ⊂ R A is generated by variables. Strongly Koszul algebras were introduced by Herzog, Hibi and Restuccia [HHR] . They proved the following fact. While (iii) ⇒ (ii) did not appear in [HHR] , this implication is obvious since if ((x i ) : x j ) has a generator of degree ≥ 2, then the first syzygy module of (x i , x j ) has a generator f with deg f ≥ 3.
Lemma 3.19. If R A is strongly Koszul, then for any ideal J ⊂ R A generated by variables and for any x j ∈ J the colon ideal (J : x j ) has a 1-linear resolution.
Proof. Let J = (x i 1 , . . . , x i δ ). Since condition (ii) of Theorem 3.18 does not depend on the ordering of the variables, we may assume i 1 < · · · < i δ < j. Then by the definition of the strongly Koszul property the ideal (J : x j ) is generated by variables. Then the statement follows from Lemma 3.18(iii).
If R A is strongly Koszul, then by applying the above lemma to the construction of K(A) it follows that any ideal in K(A) has a 1-linear resolution. Hence by Theorem 3.13, we get
Theorem 3.20. If R A is strongly Koszul, then every lex-ideal in R A is componentwise linear.
Remark 3.21. Properties of lex-ideals depend on the ordering of a 1 , a 2 , . . . , a n . Indeed, if we change the ordering, then the set K(A) changes. However, if R A is strongly Koszul, then all lex-ideals in R A are componentwise linear with respect to any ordering of a 1 , a 2 , . . . , a n . Such a strong property is only true for strongly Koszul toric rings, since if such a property is true, then any ideal generated by variables has a 1-linear resolution.
Example 3.22. It is not an easy problem to check whether an ideal J ⊂ R A has a linear resolution even if J is generated by variables. On the other hand, there is a nice combinatorial way, called a Koszul filtration, to prove that any ideal in K(A) has a 1-linear resolution. Koszul filtrations were introduced by Conca, Trung and Valla [CTV] . We consider the following special type of Koszul filtration: A simple Koszul filtration of R A is a family F of ideals in R A generated by variables such that Then, by using the computer algebra system Macaulay 2 [GS], we compute
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On the other hand, the following set F is a Koszul filtration of R A :
(To show that F is a Koszul filtration of R A , prove that, for each ( ] is such an example (this semigroup ring is Koszul by the result of Caviglia [Ca] ). To see this, we verify that there exist no orderings x i 1 , . . . , x i 9 such that (x i 1 , . . . , x i p ) has a linear resolution for all p = 1, 2, . . . , 9 by using the computer algebra system Macaulay 2 [GS] .
Toric rings of Segre type
In this section, we study lex-ideals in the toric ring arising from the Segre product 
where t i,j are indeterminates. As we considered in subsection 2.1, we define a grading on Q by deg( i,j t
Betti numbers of Borel ideals.
In this subsection, we study the Betti numbers of the following monomial ideals. 
Lemma 4.2. Let M ⊂ Q be a colored Borel ideal. For any monomial m ∈ M there exists the unique monomial
u = u 1 · · · u r ∈ G(M ), where u k ∈ K[t k,0 , . . . , t k,e k ] for k = 1, 2, . .
. , r, satisfying the following conditions:
(i) u divides m, (ii) for any variable t i,j which divides m u , one has j ≥ max i (u).
The proof of the above lemma is easy and is the same as the proof of [EK, Lemma 1.1]. Thus we omit the proof. 
Proof. Choose an ordering u 1 , . . . , u δ such that (u 1 , . . . , u j ) is colored Borel for j = 1, 2, . . . , δ. By Lemma 4.2, the ideals (u 1 , . . . , u j ) can be decomposed into a direct sum
as K-vector spaces. Then it follows that
as desired.
Theorem 4.4. Every colored Borel ideal M ⊂ Q has strong linear quotients and
Proof. It follows from [HHR, Proposition 2.3] that Q is strongly Koszul. Thus any ideal in Q generated by a subset of {t 1,i 1 t 2,i 2 · · · t r,i r : 0 ≤ i k ≤ e k for k = 1, 2, . . . , r} has a 1-linear resolution over Q. Thus, by Lemma 4.3 and Theorem 3.4, the ideal M has strong linear quotients, and the graded Betti numbers of M are given by the desired formula. 
When is every Hilbert function attained by a lex-ideal?
In this subsection we show that if e 1 = · · · = e r = 1, then every Hilbert function of a graded ideal in Q is attained by a lex-ideal. Let
Consider the semigroup ring
We first define lex-ideals in W . A lex-ideal J ⊂ W is a monomial ideal such that the set of all monomials in J is lex-segment.
Remark 4.7. One may feel strange that the above order > lexW is called 'lex' since we essentially consider the reverse lexicographic order. However, the order > lex W coincides with the lex order > lex A defined in section 2 (with respect to a proper ordering of the variables). This fact is not obvious. But we omit the proof since we do not use this fact in the rest of this paper.
For any set V ⊂ W of monomials of the same degree, the set
will be called the upper shadow of V .
Lemma 4.8. If L ⊂ W is a lex-segment set of monomials of the same degree, then
Proof. Let b be the smallest monomial in L with respect to > lex W . It is clear that for any monomial u ≥ lexW b with deg u = deg b and for any m ∈ U ,
Then what we must prove is that Shadow
Example 4.9. Suppose r = 2. Let L = {t 1,0 t 2,0 , t 1,1 t 2,0 , t 1,0 t 2,1 }. Then Note that L and V are lex-segment and
The next lemma shows that, to study Problem 1.1 for W , it is enough to consider colored Borel ideals.
Lemma 4.10. Suppose char(K) = 0. For any graded ideal J ⊂ W , there exists a colored Borel ideal M ⊂ W such that H(M, t) = H(J, t) for all t ∈ N and β
Proof. Consider the change of coordinates φ on T = K[t 1,0 , t 1,1 , t 2,0 , t 2,1 , . . . , t r,0 , t r,1 ] defined by φ(t i,j ) = α i,j t i,0 + γ i,j t i,1 , where we choose α i,j , γ i,j ∈ K generically. Then φ(W ) = W . Also, for any monomial order on T satisfying t k,0 t k,1 for all k, it is easy to see that in (φ(J)) is colored Borel (see, e.g., [BN, Theorem 5.4] ). Then the lemma follows from Corollary 2.9.
In the rest of this subsection, we study colored Borel ideals. 
Proof. We order u 1 , . . . , u δ such that the set B = {u 1 , . . . , u δ−1 } is a colored Borel. By Lemma 4.3,
Since the cardinality of the right-hand side of the above equation is 2 r− (u δ ) , by arguing inductively, the desired formula follows.
for all i, j.
Proof. By Theorem 4.4, the graded Betti numbers of M are given by
We show that the ideals ({t 1,i 1 · · · t r,i r : i k < max k (u) for some k}) and J [ (u)] have the same Betti numbers. Since these ideals are generated by a subset of U and since W is strongly Koszul, the ideals have a linear resolution. Thus it is enough to show that these ideals have the same Hilbert function. Fix u ∈ G(M ) and set = (u). Then one has the isomorphism of rings
The above isomorphism guarantees the desired property. Let Z i = {i + rk : k ∈ Z} for i = 1, 2, . . . , r and
An r-colored shifted complex Δ on [n] is a simplicial complex on [n] satisfying the fact that Δ ⊂ C r and that, for every F ∈ Δ and j ∈ F with j > r, (F \{j})∪{j−r} ∈ Δ. An r-colored rev-lex complex is a simplicial complex Δ satisfying the fact that Δ ⊂ C r and that, for every F ∈ Δ and every G ∈ C r with |G| = |F | and with G > rev F , one has G ∈ Δ. Note that r-colored rev-lex complexes are r-colored shifted, and every r-colored shifted complex is indeed r-colored.
The next result is due to Frankl, Füredi and Kalai [FFK] .
Theorem 4.14 (Frankl-Füredi-Kalai) .
The following conditions are equivalent:
An r-colored rev-lex complex is uniquely determined by its f -vector. Hence the above theorem characterizes f -vectors of r-colored simplicial complexes in terms of r-colored rev-lex complexes. A numerical characterization of f -vectors of colored simplicial complexes is also given in [FFK] . Let
To prove that Δ(B) is a simplicial complex, what we must prove is that (H(u) ∩ Z >0 ) \ {j} ∈ Δ(B) for any j ∈ H(u) ∩ Z >0 . By the definition of H(−), j must be an integer of the form j = c + r(q c − 1) with 1 ≤ c ≤ r and with q c ≥ 1 . Then u(t c,0 /t c,1 ) q c ∈ B since B is colored Borel and 
is colored Borel and (B(Δ)) = f (Δ). Since the equation (6) 
What we must prove is μ(F ) Next, we study the structure of Δ(B) when B is lex-segment. For a simplicial complex Δ, let Δ (k−1) denote the (k − 1)-skeleton of Δ, that is,
A simplicial complex Δ is said to be pure if all its facets have the same cardinality. 
Proof. Any element F ∈ C r can be written in the form
Also, for all subsets F, F ∈ C r with |F | = |F |, one has ρ(F ) > rev ρ(F ) if and only if F > rev F .
First we prove (i). Let F ∈ Δ(L) and F ∈ C r with |F | = |F | and
Next we prove (ii). Let F ∈ Δ (c−1) with |F | < |G|. What we must prove is that there exists F ∈ Δ (c−1) such that F ⊃ F and |F | = |F | + 1. In other words, there
Case 1. If j 1 +r < i p , then F = F ∪{j 1 +r} satisfies the desired conditions. Indeed,
Case 2. Suppose j 1 + r ≥ i p . We will prove F ∪ {j 1 + r} = G. For k = 1, 2, . . . , p, the integers i k and j k can be written in the form
In particular, we have d p = 1, and therefore i p = c p . Indeed, if d p = 0, then d k and d k are 0 for k = 1, 2, . . . , p and one has F = G, a contradiction.
By (9) and (10), we have
(The second equality follows from (8).) In particular, ρ(G) = (ρ(F )\{c p −r})∪{c p }. Then since, equation (8) says that j 1 = c p − r, it follows that
Let F be a subset of {F ∈ C r : |F | = k}. The set
is called the lower shadow of F. We say that F is rev-lex if, for all F ∈ F and G ∈ C r with |G| = |F | and with G > rev F , one has G ∈ F. We need the next lemma, which is essentially equivalent to Theorem 4.14.
Lemma 4.18 (Frankl-Füredi-Kalai) . Let F and L be subsets of {F ∈ C r : |F | = k}
Lemma 4.19. Let B and L be colored Borel sets of monomials of degree
Proof. The statement is obvious for j = r. Assume
). By arguing inductively, it follows that for all k ≤ j,
(The first equality follows from the fact that Δ(L ) (j) is pure. For the second line, we use Lemma 4.18 and the induction hypothesis
We are ready to prove the main result of this section. 
Proof. By Lemma 4.10, we may assume that J is colored Borel. Let B d be the set of monomials of degree d in J and C d ⊂ W the lex-segment set of monomials of degree d with
We claim that L is a lex-ideal having the same Hilbert function as J.
To prove that L is an ideal, by Lemma 4.8 it is enough to show that
Then by Lemma 4.11 we have
as desired. Thus L is an ideal of W . By the construction, it is clear that L is a lex-ideal and has the same Hilbert function as J.
shows that J and L have strong linear quotients, and therefore are componentwise linear by Proposition 3.7. Thus, by Lemma 3.8, it is enough to prove that
We claim that, for integers 0 ≤ p ≤ q ≤ r, one has
) for all i (J [p] and J [q] are ideals considered in Lemma 4.12). Indeed, J [p] and J [q] are colored Borel ideals with G(J [p] ) ⊂ G(J [q] ). Thus Theorem 4.4 shows β . . . , x 8 ] and R A = S/I A . By Theorem 4.20, for any graded ideal in R A , there exists a lex-ideal having the same Hilbert function. Let
Then the lex-idealL ⊂ R A having the same Hilbert function asJ is Gasharov, Horwitz and Peeva [GHP, Problem 4.9] suggested the study of the structure of the Hilbert scheme parameterizing all homogeneous ideals having the same Hilbert function over a projective toric ring. Studying this problem for a toric ring W would be interesting. We do not have any positive structural result even for P 1 × P 1 .
Consecutive cancellations and Gotzmann's persistence theorem
In this section, we consider a ring R = S/I, where I is either a monomial or a projective toric ideal, satisfying the following properties: Note that condition (C) implies that R is Koszul. We refer the reader to [MP] for properties of lex-ideals over R = S/I when I is a monomial ideal. First of all, we study consecutive cancellations in Betti numbers. Given a sequence of numbers {c i,j }, we obtain a new sequence by a cancellation as follows: Fix a j, and choose i and i so that one of the numbers is odd and the other is even; then replace c i,j by c i,j − 1, and replace c i ,j by c i ,j − 1. We have a consecutive cancellation when i = i + 1. If we need to be specific, we call it a consecutive i, j-cancellation. The term "consecutive" is justified by the fact that we consider cancellations in Betti numbers of consecutive homological degrees.
Let J and J be graded ideals in R. It is not hard to see that the graded Betti numbers of J are obtained from those of J by a sequence of consecutive cancellations if and only if there exist integers c i,j ≥ 0 such that
for all i and j, where c 0,j = 0 for all j. The above equation says that a consecutive i, j-cancellation occurs c i+1,j times to obtain the graded Betti numbers of J from those of J . It was proved by Peeva [Pe] that the graded Betti numbers of a graded ideal J in a polynomial ring S are obtained from those of the lex-ideal having the same Hilbert function as J by a sequence of consecutive cancellations. Clearly this result of Peeva is stronger than condition (B). However, the next result shows that these conditions are essentially equivalent over a Koszul ring R. Next we prove that conditions (A), (B) and (C) imply an analogue of Gotzmann's persistence theorem. Our proof is based on a simple idea given by Green [Gr] . Suppose that R satisfies conditions (A), (B) and (C). Let V ⊂ R d be a K-vector space spanned by elements of degree d in R and let L ⊂ R d be the K-vector space spanned by the lex-segment set of monomials with
Theorem 5.1. Suppose that R is Koszul and satisfies conditions (A) and (B). Let
dim K V = dim K L. Let R 1 V = {fm ∈ R d+1 : f ∈ R 1 , m ∈ V }. Condition (A) implies that dim K R 1 V ≥ dim K R 1 L. We say that V is Gotzmann if dim K R 1 V = dim K R 1 L.
Theorem 5.2. Suppose that R = S/I satisfies conditions (A), (B) and (C). If
V ⊂ R d is Gotzmann, then R 1 V is also Gotzmann, and the ideal J ⊂ R generated by V has a d-linear resolution.
Proof. Let L ⊂ R be the lex-ideal having the same Hilbert function as J. Since V is Gotzmann, L has no generators of degree d+1. Since L d+1 = R 1 L d is spanned by a lex-segment set of monomials, what we must prove is that dim K R
that is, L has no generators of degree d + 2.
We first claim that β When R = S, the above theorem was proved by Gotzmann [Go] , and it is known as Gotzmann's persistence theorem. The persistence theorem was also proved for exterior algebras [AHH] and for Veronese subrings of a polynomial ring [GMP] . Theorem 5.2 covers all those cases, and moreover shows that the persistence theorem holds for a toric ring W studied in subsection 4.2. Note that Theorem 5.2 is false for Clements-Lindström rings [Ga, Example 1] .
We say that a graded ideal J ⊂ R is 
Corollary 5.3. Suppose that R = S/I satisfies conditions (A), (B) and (C). Every Gotzmann ideal in R is componentwise linear.
Herzog and Hibi [HH] proved that the graded Betti numbers of a graded ideal J in a polynomial ring S are equal to those of the lex-ideal having the same Hilbert functions as J if and only if J is a Gotzmann ideal. We extend this result for a Koszul ring R satisfying conditions (A), (B) and (C). We conclude this paper with a few questions.
Theorem 5.4. Suppose that R = S/I satisfies conditions (A), (B) and (C). Then a graded ideal J ⊂ R is Gotzmann if and only if β
Question 5.5. Is it possible to prove Theorem 5.1 for non-Koszul rings?
It is known that if R = S/I is Koszul and I is a monomial ideal, then R satisfies condition (C). Here we present the following question. 
